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Abstract

In the field of compressed sensing, a central idea is that of sparsity. In this paper,
we analyze notions of sparsity for f : Zﬁl\, — C by examining the Rényi entropy

1 |f (z)[*
log .
1-a (Z HE
We prove upper and lower bounds on established measures of approximate sparsity in

terms of H,(f), and give a qualitative description of which signals maximize H,(f).
Lastly, we describe some connections between H,, and the analysis of Boolean functions.

Ho(f) =
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1 Introduction

The primary focus of the field of compressed sensing is understanding the reconstruction of a
signal from a limited number of linear measurements. This problem is under-determined in
general, as when the number of measurements is fewer than the length of the signal, there may
exist multiple solutions matching those measurements. The key idea of compressed sensing,
however, is that in the presence of sparsity, one can often achieve exact reconstruction.

We can formalize this problem by considering a signal to be a map f : Z% — C, and
taking the linear measurement to be the Fourier transform of f, denoted J? Alternatively,
we can view this as losing some values of f, so that one measures { f(m)}n¢g for some subset
S C Z%, and asks when it is possible to recover f entirely from this limited measurement. In
this setting, we may view f as sparse provided it has few non-zero values, and quantitatively
look at the set

E = supp(f) = {x € Z : f(x) # 0}.

In their seminal paper [2], Donoho and Stark used the classical Fourier uncertainty principle
to show that in the case that J
N
|E]-|S] < DR

it is in fact possible to recover f exactly from the measurements {f(m)}m¢ s. In particular,
recovery is possible whenever the set of unobserved frequencies satisfies
Nd

S| < ==

Thus if f is sparse in the sense that it has few non-zero values, we have |E| < N9, and hence
we may recover f even when many frequencies are unobserved.

Additionally, we may note that this recovery problem is symmetric in f, f, so that we just
as well could have taken the measurement {f(z)},¢n and asked to recover f. In this way,

we have a good recovery result if either f or f is sparse in the sense of having small support.

In many settings however, defining sparsity to mean having small support is too strong of
an assumption, as a signal may be non-zero everywhere and yet be concentrated on some
smaller set of values. One way to quantify this is by supposing that for some g : Z¢ — C
with small support, we have

If = gll2 < €ll fll2

for some small €. In other words, we can obtain a good relative error by approximating f by
some sparse function g. Many reconstruction results in compressed sensing which are exact
for a sparse function may thus go through at the cost of the error e.

To quantify this notion of sparsity even further, in [1], Aldahleh et al. examine the Fourier
Ratio




~

They show that we have 1 < FR(f)? < |supp(f)|, and moreover given ¢ > 0 we can
approximate f in the above sense by some ¢ with

| supp(g)| < FR€(2f>2-

In this way, FR(f) measures the approximate sparsity of 7.

The main goal of this work is to generalize the Fourier Ratio using information theory and
general Rényi entropy. We thus argue that the quantity

1 |f (z)[>
H,(f) = +——log ERTRrIT Y
= 2
is a good measure of approximate sparsity of f : Z4 — C.

In Section 2, we introduce the basic Fourier analytic and information theoretic background
to define the Rényi entropy of both f, f. The main focus of this work is Section , in which
we relate H,(f) to established notions of sparsity. Next, in Section {4| we show that H,
obeys an uncertainty principle between f and f In Section , we utilize Pinsker’s inequality
to understand functions which are maximal with respect to H,. Finally, in Section [6, we
describe the connections between Fourier entropy and the analysis of Boolean functions, and
summarize some recent results on the Fourier-Entropy-Influence conjecture.

2 Definitions

For functions f : Z% — C, we have the 7 norms

SIS

Ifls= | > 1@

mEZ%
For the case p = 0o, we set
1 lle = max | (),
TELY,

noting this corresponds to the limit p — co. Additionally, as another special case we define

1fllo = {z € Z : f(z) # 0}],

in other words if we define

supp(f) = {z € Zy : f(x) # 0},
then || f||o is the size of the support of f. As in the interpretation from Section [l the quantity
| fllo is commonly referred to as the “sparsity” of f.

Additionally, for a subset S C Z%;, we define

1 llngsy = (Z |f(:v)lp> y

zeSs

in other words || f||¢(s) is the 7 norm of the restriction of f to S.
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2.1 Fourier Analysis Background
We define the primitive character y : Zy — C by

X(t) = exp <%) ,

and we have the collection of character functions y,, : Z% — C given by
Xm(2) = X (2 - m),
where x-m = z1mq + -+ - + Tamy.

Note that {Xm}meZ?\, forms an orthogonal basis for the set of functions f : Z4 — C, so
that since || x,m|/2 = N, the collection { N~ QXm}mezglv is an orthonormal basis. Thus, we

have the expansion
F=N"3" (LN

mEeZLN

We then define the Fourier transform of f to be the function f: Z4; — C given by

_<f7 d/2 >
=N~ d/QZf:U

d
TELS;

NS fla)y(—m- ).

d
TELS;

From the expansion of f in the characters x,,, we get the inversion identity

fla) =N 3" Flm)x(m - ).

d
meZy,

Note that orthonormality of the character functions immediately gives the Parseval identity
(f.9) = (f,9), so that we have [| f[|2 = [|f]]2.

2.2 Information Theory Background

For a probability distribution p and o > 0 with o # 1, we first define the o Rényi entropy

of p by
1 (03
1_alog<% p(z) )

For the case &« = 0 or a = 1, we define H,(p) in the limit, so that Hy(p) = log |supp(p)|,
and by a quick application of L’Hopital’s rule we have

= rtoen (55).

4
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H,(p) is also called the Shannon entropy of p, and in the literature is often simply written

H(p).

The quantities H,(p) are nonincreasing in «, in other words for v < 3 we have H,(p) >
Hpz(p). As a special case of this, we get that for any «,

Ha(p) < Ho(p) = log | supp(p)|,
so that if p is supported in a set of size k, H,(p) does not exceed log k.

Additionally, for probability distributions p, ¢ and o > 0, the o Rényi divergence of p and

q is given by
p(m)*
1 — .
1o (zm: Q(m)“>

Similarly to before, for « = 1, D;(p||q) is defined by taking the limit o — 1, to get that

Di(pllg) = Zp log ;

D1 (pl|q) is sometimes called the Kullback-Leibner divergence, often written Dy (p||q) in the
literature, and is related to the Shannon entropy.

Da(pllg) =

2.3 Fourier Entropy

Motivated by the Plancherel identity that || f||s = HfHQ, we can set g(x) = f(x)/||f]]2 to get
that g(m) = ( )/||f||2 Thus both |g(z)|? and |g(m)|* define probability distributions on
Zy.

Hence, we can consider the o Rényi entropy of both of these distributions, and accordingly
we make the following definition.

Definition 2.1. For f: Z4, — C, we define the probability distribution p;(z) = |Jﬂ(fx”)2‘2, and
2

the a Rényi entropy of f by
Ho(f) = Halpy)-

Note that in the case a = 0, we see that Hy(f), Ho(f) are simply the logarithm of the size

of the supports of f, J?respectively, while these quantities decrease for increasing «.

Additionally, observe that we can write H,(f) in terms of the £2* norm of f by

1 [f@)*)* 1 1£113 1/ |20
H.(f)= log ( = lo = l (1)
l—a ; /13 1- 1F13 1 Vi
In this form we see that H,(f) is scale invariant, in other words H,(cf) = H,(f), and thus
in the normalized case || f||2 = 1, we note that

Ho(f) = 1108 | f 2o




in other words
eli-tha) — | .

We interpret H,(f) as measuring the “sparsity” or “compressibility” of the function f,
and the main objective of this work is to quantify ways in which this interpretation holds.

3 Approximate Sparsity and Rényi Entropy

The central theme of compressed sensing is that signal recovery or compressing problems
can be simplified or made tractable in the presence of sparsity. However, most signals are
not exactly sparse in the sense that they have many entries which are 0, but often signals
are “approximately” sparse in the sense that most of their entries are small.

This notion of “approximate” sparsity is often quantified by the ¢¢ error resulting from a
sparse approximation. This is quantified in the following definition.
Definition 3.1. For f : Z4 — C, the (4 error of the best s-term approximation is

0s(f)q = mf{[[f = Pllg : [[Pllo < s}.

We will focus on the case ¢ = 2, and moreover we are typically concerned with quantifying
relative error, and thus will usually examine the quantity o(f/||f]|2)2. Note that this is
equivalent to normalizing f so that ||f]|s = 1.

Conversely to looking at the best error from a fixed sparse approximation, we can examine
what degree of sparsity is required to obtain a specified error. Thus we make the following
definition.

Definition 3.2. For f : Z% — C, the concentration function of f, k.(f), is defined by

ke(f) = mf{[[Pllo = |[f = Pll2 < €[l fll2}-

Remark 3.3. Observe that the infimum defining both o4(f)s and k.(f) is attained by P = f|s
for some suitable S. To see this, for any P supported in S, note that if we set P’ = f|g,
then || P’||o = || P]|o = |S|, and moreover

If = PlE= Y 1f@P < Y 1f @)+ Y 1f(2) = P@)f = |If — Pll3.

xS x¢S z€S

Thus the best error is achieved when P = f|g for some subset S, and this shows that we
can write k.(f) in the following way:

ke(f) = md{[S] - [ flleecse) < ell fll2}-

In fact, if we assume that zy, ..., 2y« is an ordering of Z¢, satisfying

[f(e) = [f(w2)] = -+ = [f(ena)],



then the infimum defining k.(f) is attained by P = f|g for S = {xy,...,x,}, since for any
S’ of size s, we have

If = Flsrlls = D21 @)1 = D01 @)l = 1f = flsls.
xS’ j>s
Additionally, this fact implies that more generally,
oDy =D _If @l
J>s
Remark 3.4. If we assume that || f|l2 = 1, then we can relate k.(f) and o,(f) in the following

way.

k(f) <s ifandonlyif o4(f) <e.

In this way, k.(f) and o4(f) are inverse to one another, and bounds on one can be converted
to bounds on the other. This is a fact we will use throughout.

3.1 Approximate Sparsity Upper Bounds

Our first goal is to relate the quantities H,(f) to well-established notions of sparsity, namely
os(f) above.

)

.

In [1], Aldahleh et al. examine the Fourier Ratio FR(f) = H |:; and demonstrate that f

is concentrated on some set S with |S| bounded in terms of FR(f). In the context of Rényi
entropy, by the Fourier Ratio can be written

FR(f)2 = eXP(H1/2(J?))7

so that the Fourier a-Rényi entropy generalizes the Fourier Ratio as « varies.

=)

-~

The statement that fis concentrated on a set S of size s amounts to the fact that k.(f) < s.

)
Thus, we can rephrase Fourier concentration results from [1] in terms of bounds on k.(f)
Proposition 3.5 (Theorem 1.15, [1]). If f : Z4, — C, then for any € > 0 we have

=~ eXP(Hl/z(J?)).

Remark 3.6. Up to Fourier inversion, we can write the bound in Proposition [3.5]in terms of
os(f) to see that in the case || f]j2 =1,

eXp(%H1/2<f))
NG .

Note moreover that under the assumption || f||2 = 1, the above bound takes the form

Us(f)Z < ||fH1

NG

Js(f)Z S

More generally, o,(f) can be bounded in terms of the /% norm of f, as in the following
proposition in [3], originally an observation due to Stechkin.

7



Proposition 3.7 (Proposition 2.3, [3]). For any 0 <p < q and f : 2% — C,

1
05(Ha = 775 1/ 1lp-

Proof. Let x1,...,x N« be ordered so that

[f (e = [f(w2)] = -+ = [f(wna)]

First observe that for any s, we have

1/p
flzs)| < - (Z\fﬂcl )

since |f(zs)| < |f(z;)| for all 1 <i <s.

Thus, note that by Remark and the observation above, we have that

os(N)g =D If(@)l

j>s

< |f @)Y | £ ()]

j>s

< (gzuw) Y s

1 p v p
< (Sur) " g

1
=== I3,
Sp

so that taking gth roots,
1
0s(f)g < m“f”p‘

Thus, the bound in Proposition amounts to the case ||flo =1, ¢ =2, and p =1 in
Proposition [3.7]

In [3], Foucart and Rauhut remark that Proposition [3.7| can be strengthened to obtain a
better constant using convex optimization. This gives the following theorem.
Theorem 3.8 (Theorem 2.5, [3]). For any 0 < p < q and f : Z% — C,

C
Us(f)q — 1/5q1/quHP

with
1/p

p/q 1-p/q
[0 )
q q

The constant c, 4 s best possible.



By , we can write H,(f) in terms of the £>* norm of f, and thus the above bounds
immediately give a relation between o4(f) and H,(f). For simplicity we use the bound with
constant 1, but note that the following result can be improved by leveraging Theorem
Theorem 3.9. For any 0 < a <1 and f: Z% — C, if || fl|2 = 1 then

pHa()\ 2o
< .
nifes ()
In other words,
eHa(f)
k(f) < S

€l-a

While the bound of Proposition [3.5is a specific case of Theorem [3.9] the proof technique
used is distinct and can be generalized to give another upper bound on o4(f) and k.(f) in
terms of a convex combination of H,(f) and Hy_,(f).

Theorem 3.10. For any o € (0,1) and € > 0,

exp (1 = 0)Ha(f) + aHi a(f))

€2

ke(f) <

In other words, if || f|la =1 then

S

ex —« aHi_, 1/2
o< (S2UZHal]) *alloa(1)

Proof. We prove the equivalent bound

exp ((1 - oz)Ha(fA) + aHlfa(f)>

5 .

k(f) <

€

The proof proceeds similarly to the methods of 1], so define the random function Z by
letting R R
200 2a
Z(x) = N~y (z -m)f(m) - l‘fﬁ with probability M,
|f(m) > £ 1135
where m ranges over the Fourier support of f. Observe that Z(z) is a scalar multiple of
some character x,,.

We have by construction that E[Z(z)] = f(z), and moreover we can compute

O ! AP NG00 12 ) i
2GR = 2N m)flm) 15 D8

= N7 FI3> " [ F ()P

— A e 112(1—«
= N FIE 1503

1—a)’




and thus
Var(Z(x)) = E[|Z(2)] - [E[Z(x)]]* = ||f||33||f||§8 o= (@)

Thus, letting 71, ..., Zx be i.i.d. copies of Z and then setting

wlf—‘

by a similar computation as in 1] we get that

E(||f — PlI3] ZVar
= E;Var(Z x

1 N o 112(1—«
= = (WP — 1713)

When this quantity is less than €?||f]|3, we get the wanted result, and by Plancherel this
amounts to the assumption that

Fi2a) F120-

(AR
> ) ne -1

e 17112
1 <||f|| ¥l 1)
= —2 o * -

e \ ||7]I2 ||f||2
1( (1-a)Ha(f) | goti-a(F) _ 1)
62
(e

= — (ex (1—a (f)+aH1_a(f)>—1>.

[a))

Thus, with )
k< 3 OXP ((1 — a)Ha(f) + OéHl—a(f))

there is a deterministic choice of P such that

1f = Pll2 < €[l fll2-

By Plancherel this gives || f — P|lz < €|/ f|l2, and thus the desired claim follows from the fact
that || Pllo < k.

Summarizing the above, we have the two bounds

eHa(f) 6(1_C¥)Ha(f)+OLH1fa(f)
ke(f) < e/ a)’ ke(f) < 5

€

whenever 0 < o < 1.

10



Note though that neither of the above bounds can be converted to a bound in terms of
the Shannon entropy H;(f), since both Theorem and degenerate as a — 1. For
Theorem [3.9] the exponent of € blows up in the denominator, while in Theorem the
numerator tends to simply e0t) = || f|lo.

Thus, we can use a distinct proof to give the following upper bound on k.(f) in terms of
the Shannon entropy.
Theorem 3.11. For f : Z4, — C, we have

k(f) < eHl(f)/GQ’

in other words if ||f|la =1 then

H1<f>)%

log s

o) < (

Proof. Let p = py be the probability distribution p(z) = % defining H;(f). Note that
for some subset S, we have || f||2(scy < €| f|2 if and only if

Z p(z) < 2.
xS

Now, for n > 0, set
S={x: plx)>e}.

We have |S| < e, for otherwise we would get

1= plx)>> plx)>[8]-e">1,

z€eS

a contradiction. Moreover, note that = ¢ S if and only if p(x) < e, which holds if and
only if log ﬁ > 7. Thus, by Markov’s inequality we have

Hi(f) =Y plo) 1og$ > p(a) mﬁ > 'S p(a).
T xS xS

Rearranging, this gives

> ple) < (1)

z¢S
Choosing 7 = % H,(f), we conclude that

> pl) <€,

xS
with |S| < eff1(H)/ <. By our first observation, this implies that
k(f) < L (f)/e?

as wanted. The bound on o4(f), follows from Remark .

11



3.2 Approximate Sparsity Lower Bounds

The bounds in the previous section show that o4(f) and k.(f) are controlled from above
by Rényi entropies, and so the next question we investigate is whether one can prove cor-
responding lower bounds on o4(f) and k.(f). This would thus give an equivalence between
approximate sparsity as it is usually defined and small Rényi entropy, further justifying the

notion that H,(f) is a good measure of sparsity.

In the following result, we prove a lower bound on k.(f) in terms of the Shannon entropy of
f, in other words H;(f). This demonstrates that small concentration implies small entropy,
or equivalently that a function cannot be concentrated on a set that is much smaller than

its entropy.

Theorem 3.12. Let f: 23 — C and 0 < € < 5. Then

k(f) 2 e exp (—elog N — ()

where the function h is the binary entropy function

1 1
h(z) =xlog—+ (1 —x)1 :
() = wlog—+ (1 — ) log ——

Proof. Choose any S with |S| = kc(f) and || f[/2(se) < €|/ f]]2- Then set p = py, noting that

the concentration assumption on f amounts to

P
2 plm) % TEEE

mesS

Thus, set ¢ =Y, s p(m). We then have 1 — ¢ < €2

Now, write Hi(p) as

1
Hi(p) = Zm:p(m) log 5
1 1
:mz;gp(m)log ( )+mz¢jsp(m) logp(m)
— p(m) o c . p(m) o 1—c
=e 2 e P tm T 2 T T )

=C p(m) O ¢ — C p(m> O 1—0 Cl0 1 — C) 10 1
— (% - lgp(m)>+(1 )<m¢sl_clgp(m)>+(lg6+(l )1g1

= CHl(Q1) + (1 - C>Hl(q2) =+ h(C),

where ¢ = 2p[g and ¢ = =p
supported in S, S¢ respectively, so that

Hi(q1) < log|supp(q1)| < log|S|, Hi(go) < log|supp(ge)| < log(N* —|S]) < log N*.

12

—C

se. Note that both ¢i,qy are probability distributions

)



Since h(z) is increasing for x < % and symmetric about %, then by the fact that 1 — ¢ < €2
we get
h(c) = h(1 —¢) < h(€®).

Thus we can bound H;(p) above by
Hi(p) < clog|S| + (1 —¢)log N* + h(€®) < log|S| + ¢*log N + h(€?).
Rearranging, we get
S| = exp (Hi(F) — € log N* — ("))
as claimed.

For general Rényi entropies, we can use a similar proof technique to obtain the following
result.
Theorem 3.13. Let f : Zy — C, € >0, and 0 < a < 1. Then we have

k’e(f) > (e(l—a)Ha(f) _ €2aNd(1_Ol))ﬁ .

Proof. We proceed similarly to the previous proof, so choose any S with |S| = k.(f) and
[ flle2(sey < €|l f]l2- Setting p = py, as before the concentration assumption on f amounts to

Z p(m) < €.

me¢S
Again set ¢ =" _<p(m), sothat 1 —c¢ < e* and ¢ < 1.

We have by definition that

(1= Ha(f) _ Zp(m)a

= 3" p(m) + 3 p(m)°

e e a
> () -0 > ()

_ e Hala) 4 (] _ p)ereli-e)Hala),

where as in the previous proof we have set ¢ = %p\ s and go = ﬁp[ ge. Since ¢q, qa are
probability distributions supported in S, S¢ respectively we get

Ho(q1) <log|S|,  Hu(ga) <log(N%—|S|) <log N

Thus, using ¢ < 1 and 1 — ¢ < €2 we can bound e(!=®Ha(f) by

e(l—a)Ha(f) < e(l—a)log\S\ + 62046(1—11) log N4 — |S|1—a + 6204Nd(1—a)'
Rearranging and using the fact that |S| = k.(f), we conclude that
k(f) > (e(l—a)Ha(f) B EQQNd(l—a))ﬁ

as wanted.

13



3.3 Explicit Example

To further examine the above bounds, we compute H,(f), os(f), ke(f) for the specific func-

tion f: Zy — C given by
1

In the following, for quantities Ay, By depending on N, we write Ay ~ By to mean there
are absolute constants ¢, C' such that

CBN S AN S CBN

We first note that

N-1 1 N 1 ’7T2
2 _ E - E — ~ —

so that namely || f|l2 = 1. Moreover, for 0 < o < 1,

N-1

1
£ =D ——5=
—~ (1+2)
- 2
r=1 x

N dx
1 wZa

_Jim a1, af
«

Y

log N,

NI~ N

In particular, we get

N172a 1
T 0<a<s
2
Ifll55 ~ {log N, a =3
1 1
Ya—1’ 35 <a<l.
Consequently, by , we get
1—2«a 1
N, O0<a<gy
o)~ { (log N)2, o= z
1, T<a<l,

provided that « is fixed and we are concerned with N large.

On the other hand, by Remark [3.3]

14



so that for large N, o4(f)2 ~ \/ig In terms of k.(f), we get that

so that kc(f) =~ 5.

Now, our upper bound from Theorem [3.9] gives

1 N(I—Qa)/(l—oz), 0<a< %

eHa(f) 62(1/(1704)
k€<f) S m% é(lOgN)27 Oé:%
620‘/(11_0‘)7 % < o< ]_

In this case, we see that the bound using H;5(f) is sharp in the dependence on €, but the
dependence in N is off by a polylogarithmic factor. On the other hand, for % <a<l1, we
get the correct constant dependence on N, but the dependence on € has the exponent

2¢

> 2.
11—«

This suggests a trade-off between H,(f) for varying «, giving either better decay in € or
with respect to V.

4 Entropic Uncertainty Principles

A classical idea in Fourier analysis is that a function and its Fourier transform cannot
simultaneously be localized. In terms of support, this takes the form of the standard Fourier
uncertainty principle, which can be stated in the following way.
Proposition 4.1. If f : Z4 — C is supported in E C Z% and f is supported in S C 74,
then we have

Bl || = N°.

To justify the interpretation of H,(f) as the sparsity of f, we should thus have an uncer-

~

tainty principle in terms of H,(f), H,(f), and indeed we have the following result.
Theorem 4.2. Let % <a<1<S with é +% = 2. Then

Hy(F) + Ha(f) > log N

Proof. First, since Rényi entropy is scale invariant, we normalize so that || f|2 = Hng =1

We thus have 1

Ho(f) = ——log (I F]122) .

l—«

Additionally, without loss of generality suppose that o < 1 < 3, since the case a = § =1
follows by taking the limit o — 1.

15



Next, recall the standard Hausdorft-Young inequality, which states that for 1 <p <2 <gq
with é + % =1, we have

q

P

(Z}%m@ SN4%<Z]mmﬂ

Setting p = 2a, ¢ = 23, our assumption on «, f amounts to 1 < p < 2 < g and % + é =1,
so that by Hausdorff-Young we have

<Z|f(m)l25) < N (Zlf(x)|2°‘>

Taking the logarithm of both sides gives

2

1 128 Q d 1 20
35108113 < S5 log N+ 5 tog (112)

1— ~ a—1 1—
%H (f) < a2& logNd—l—WaHa(f)
1 ~a—1 1
WBHB(f) + a2a H,(f) < & log N

Now, note that since a < 1, we have 6“2—;1 < 0, and moreover since é + % = 2 we have

a—1 1 1y 1/ 1\ 1/1 \ 1-§8
% —§<1‘a)—2(1 2%)—2(5 1>_—2B’

so we can multiply through by % = % < 0 to get that

Hg(f) + Hu(f) > log N

as desired.

Taking the particular case a = 8 = 1 above, we get
H\(f) + Hi(f) = log N°.
Note though that this is this is the only case in which Theorem 4.2| gives a bound with oo = .

For the case a = = %, we have the following theorem.
Theorem 4.3. For f : 74 — C, we have

H1/2(f) + Hyjo(f) > log N
In the notation from (1], this is

FR(f)? - FR(f)* > N*.
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Proof. Recall we can write

2
atn _ IR

If113°
so that the above equality is equivalent to
A1 IAIE S e
113 A1~

Now, first note that for any z,

@) = [N=23" Fm)x(m - )] < N=2 3" | F(m)] = N~ ]|,
Thus, this implies that
113 =" 1f @)
= Z [f(@)] - ()]
< Z £ @)IN=(|f]lx

= N[ £l £,

so that R
wirz s WLl

B V1
and by Plancherel we are done.

5 Pinsker’s Inequality and Maximal Entropy

Next, we investigate the question of which functions maximize Rényi entropy, and more
specifically what we can say about functions with near-maximal entropy. To do so, we first
introduce some more information theoretic background.

A fundamental inequality in information theory is Pinkser’s inequality, which relates total
variation distance to Kullback-Leibler divergence, or more generally Rényi divergence.
Theorem 5.1 (Pinsker’s inequality). If p,q are probability distributions, then

1
drv(p,q) < §D1(pIIQ),

where ]
drv(p,q) = sup Ip(A) —q(A)| = 5”19 —q1-

17



In terms of the /! norms, we can restate Pinsker’s inequality as

1
Sllp = all? < Dy (wlo).

Pinsker’s inequality has been improved to more general Rényi divergences, as in the following
result from Gildaroni.
Theorem 5.2 (Corollary 6, [5]). If p,q are probability distributions, then for a <1

o
Sl = qll7 < Dal(pll9).

In [5], Gilardoni explores higher order inequalities relating total variation distance and
various divergences. In particular if V' = ||p — ¢||; and D = D,(pl|q), then the above states
that D > %VQ over all probability distributions p, and Gildaroni shows that in fact we have

o a(l + 5a — 5a?)
D> _-V?
-2 + 36
For the special case of Kullback-Leibner divergence, i.e. « = 1, inequalities bounding D
below by even higher order polynomials in V2 are known, but for the purposes here we apply
just the second-order result above.

|78

In order to apply Pinsker’s inequality to the Fourier analytic setting, we first prove the
following lemma, which shows that when ¢ is uniform on the support of ps, then D, (p||q)
measures how close H,(f) is to maximal.

Lemma 5.3. Let p be a probability distribution supported in the set S, and let ¢ = ﬁlg.
Then

Dq(pllq) = log |S| — Ha(p)
= Hoy(p) — Ha(p).

L

9] 1g, we use the fact that p is supported in S to expand

Dalpll) = 1 log (Z %)

Proof. Setting q =

m S
= > p(m)*|S|!
a—1 mesS
1 [0
= log|S| - 7——log (Zm:p(m) )
= log |S| — Ho(p).

Applying the generalized form of Pinsker’s inequality to py, we get the following statement,
which relates the maximality of H,(f), to how flat f is on its support.

18



Corollary 5.4. Let f : 2% — C, 0 < a < 1. Then if f is supported in S,

2

P s
e

Ho(f) = Ha(f).

o
2 L

To further understand the implications of this corollary, suppose that H,(f) = Ho(f).

Then the right-hand side above is 0, so that we have W[ﬂz = ‘—;Ils. This implies |f]| is
2

flat along its support. In particular, the functions f with H,(f) maximal are exactly those
which are flat along their support.

Moreover, this corollary implies that if H,(f) is close to maximal, then |f| must be close
to flat along its support. In this way, we have a qualitative description of the functions
maximizing H,(f).

6 Boolean Fourier Entropy

One of the main contexts in which entropy has appeared in the study of discrete Fourier
analysis is in the analysis of Boolean functions. In this context, different normalizations are
typical, so we first review the definitions in the Boolean setting.

6.1 Fourier Analysis in the Boolean Setting

One of the most basic objects of study in combinatorics, theoretical computer science, social
choice theory, and more are functions of the form f : Fy — {—1,1}. In this case, one
commonly identifies Fy with {—1,1} via a — (—1)% so we can view these functions as
having co-domain either Fy or {—1,1}.

We now endow F7 with the probability measure, and to distinguish this from the previous
setting we have the following L? norms and L? inner product for f, g : Fjy — R:

1
1 ’ 1
17l = {5 SSU@P ] (Foe = 5o 3 f@)gta)
z€Fp TEF?
For the case of the un-normalized norms, we define the ¢” norms and ¢2 inner product by
Ifllee = [ DI @F| o (fogde =) fl@)g(x).

z€Fy z€Fy

As before, for v € F3 we still have the character function x, : F§ — C, which in this case
has co-domain {—1,1} and can be written

X+(2) =x(x-7v) = emi@y) — (—1)*7,
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Additionally, we can identify v € F4 with S C [n] = {1,2,...,n} by taking i € S if and only
if 7; = 1. In this case, we have the characters

Xs(a) = (~DTes.

As before, the collection {xs}scp, are orthogonal, and in fact they are orthonormal with
respect to the normalized L? inner product above. Thus, we have the expansion

= Z J?(S)Xs z
SC(n]

for coeflicients

f( ) <f>XS 2n ZE: f XS

€y

Agam under the identification between Fj and subsets S C [n], we can view f as a map
F:Fr S Ror f:2M 5 R

Lastly, since the collection {xg}scjn) are orthonormal in L?, we have the Parseval identity

(fr9)12 = ([, 9)e

so that in particular R
[l =l

Note that unlike in the setting on Z4,, we must take different norms on the space and Fourier
side.

6.2 Influence and Fourier Entropy

Within Boolean analysis, one of the central objects of study is influence. For f : F) —
{—1,1} and ¢ € [n], the influence of coordinate i is given by

L[f] = Proery [f(2) # f(2®)] = Qin 2 (M) :

where 2% = (zy,...,2;_1,1—x;, 41, .. ., T,) is the vector obtained by flipping the ith entry
of . Thus, [;[f] measures the probability that the ith coordinate will affect the value of f.
The total influence of f is given by

= Z Lf]

One can show that I[f] has the following representation in terms of the Fourier expansion

of f.
Proposition 6.1 (Theorem 2.38, [8]). For f:Fy — {—1,1}, we have

= > IFSPIS).

SCln]
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In this way, we see that I[f] measures the average “height” of the Fourier coefficients,

since we weight by the size |S|. This motivates another notion of sparsity, in which f may
be considered sparse if it is concentrated on low-degree frequencies. We thus say the Fourier
spectrum of f : Fy — {—1,1} is e-concentrated up to degree m if

> F(8) <
o

By using a Markov’s inequality bound similar to Theorem [3.11] one gets the following propo-
sition which shows that bounded total influence implies concentration up to some small
degree.

Proposition 6.2 (Proposition 3.2, [8]). For any f : Fy — {—1,1} and € > 0, the Fourier
spectrum of f is e-concentrated up to degree I[f]/e.

Now, when considering the Rényi entropy of f, whenever f : F3 — {—1,1} we are guar-
anteed that

~ 1
1l = Wfllee = | 55 o f@)?] =1,

z€Ffy

so that f(S )2 is always a probability distribution. Thus, we can write the Shannon entropy
of f(5)?
~ ~ 1
Hi(f) =) f(S)log =——.
Scl 19y

As before, we can interpret this quantity as measuring the approximate sparsity of ]/”\

In 4], Friedgut and Kalai posed the Fourier-Entropy-Influence (FEI) conjecture, which
can be stated as follows.
Conjecture 6.3 (Fourier-Entropy-Influence (FEI)). There exists some C' > 0 such that for

all f:Fy — {-1,1},
> J(S)log 7 C Y fS)sl. (2)

SCln] SCln]

Briefly, this may be stated as Hl(f) < CI|[f]. Friedgut and Kalai initially posed this
problem in 1996 while looking at thresholds for monotone graph properties, but the conjec-
ture has come to be a longstanding open-problem about the Fourier structure of Boolean
functions. Despite various attempts, the conjecture has resisted proof since it was originally

posed in 1996.

Since we have the decreasing family of Rényi entropies Ha(f) for a > 0, one may ask the
weaker question if H,(f) < CI[f] for some o > 1. In fact, we can take the limit & — oo to
see that




~

where the minimum is taken over f(S) # 0. We define this quantity to be H(f), the
min-entropy of f. Thus

H ) = min lo — .
) sci 0 f(9)?
Hence, one can ask the weakened version of the FEI conjecture.
Conjecture 6.4 (Fourier-Min-Entropy-Influence (FMEIL)). There ezists some C > 0 such

that for all f : Fy — {—1,1},

1 .
mnin log C > F9)IS]

SCln]

In terms of progress towards proving the FEI or FMEI conjecture, in 2019 the authors of
[7] show that for f : Fy — {—1,1} with constant variance, we have

Hoo(f) < CI[f]log I1f].

This gives the bound in the FMEI conjecture up to the term log I[f]. More recently, in 2025
Han ([6]) showed that

Hy(f) < Gy +0221

Additionally, partial progress towards the FEI conjecture has been made over restricted
subclasses of functions. Namely, in [9], O’Donnell, Wright, and Zhou show that holds
for symmetric functions with C' = 12.04, where a function is symmetric if it is invariant
under any permutation of its arguments. More generally, the authors show that holds
for functions which are symmetric under the action of subgroups of the form S,, x --- x S,

for fixed d.

Aside from the above results, there has been limited progress towards resolving either the
FEI or FMEI conjecture, and progress in either case would give considerable insight about
the Fourier structure of Boolean functions.
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